Let C(L) be the right-angled Coxeter group defined by an abstract triangulation L of S 2 . We show that C(L) is isomorphic to a hyperbolic right-angled reflection group if and only if L can be realized as an acute triangulation. A corollary is that an abstract triangulation of S 2 can be realized as an acute triangulation exactly when it satisfies a combinatorial condition called "flag no-square". We also study generalizations of this result to other angle bounds, other planar surfaces and other dimensions.
Introduction
Here we study Coxeter groups and a geometric condition on their defining graphs which is equivalent to these groups being one-ended and word-hyperbolic.
For a simplicial complex L the right-angled Coxeter group C(L) defined by L is the group with presentation: v ∈ L (0) a 2 = 1 for a ∈ L (0) , [a, b] = 1 for {a, b} ∈ L (1) .
See [11] for extensive collection of results on these groups and on general Coxeter groups. An abstract triangulation of the unit two-sphere S 2 means a simplicial complex homeomorphic to S
2 . An acute triangulation of S 2 is a triangulation of S 2 into geodesic triangles whose dihedral angles are all acute. We say an abstract triangulation L of S 2 is realized by an acute triangulation of S 2 (or in short, acute) if there is an acute triangulation T of S 2 and a simplicial homeomorphism from T to L. The main question of this paper is the following. The icosahedral graph is an example of an abstract triangulation of S 2 that is acute. Indeed, an equilateral spherical triangle of dihedral angle 2π/5 gives the icosahedral tessellation of S 2 . The tetrahedral graph K 4 is an obvious non-example since the degree of each vertex is three. The question is more subtle in many other cases. For instance, consider abstract triangulations of S 2 obtained by doubling the squares in Figure 1 along their boundaries. Figure 1 (a) is due to Oum (private communication). Although every vertex in these triangulations of S 2 has degree strictly greater than 4, Corollary 1.3 below implies that neither can be realized as an acute triangulation.
For δ ≥ 0 we say a geodesic metric space X is δ-hyperbolic if every geodesic triangle in X has the property that each edge is contained in the δ-neighborhood of the other two edges; see [4] for details. Suppose G is a group generated by a finite set S and Γ is the corresponding Cayley graph. Put a length metric on Γ by declaring that each edge has length one. The group G is word-hyperbolic if this metric graph Γ is δ-hyperbolic for some δ ≥ 0. We say G is one-ended if Γ has the property that the complement of every finite collection of edges has exactly one infinite component; this is equivalent to saying that G is infinite and does not split over a finite group [29] . Our main theorem is as follows.
Theorem 1.2. An abstract triangulation L of S 2 is acute if and only if C(L) is oneended and word-hyperbolic.
If L is a triangulation of S 2 , then C(L) is the orbifold-fundamental group of a reflection orbifold O. If furthermore C(L) is one-ended and word-hyperbolic, O is hyperbolic by [23] ; see also [10] . Thus we have that an abstract triangulation L of S 2 can be realized as an acute triangulation T exactly when the associated reflection orbifold of C(L) can be realized as a hyperbolic orbifold O. Among the infinitely many acute triangulations T realizing such an L, exactly one triangulation T 0 (up to Möbius transformations) will be geometric, meaning that T 0 corresponds to the " dual projection" of O onto ∂H 3 ; see Section 10 for details. A simplicial complex Y is flag if every complete subgraph in Y
(1) spans a simplex. Following [18] , we say Y is no-square if every 4-cycle in Y (1) has a chord in Y (1) . So an abstract triangulation L of S 2 is flag no-square if and only if there does not exist a 3-or 4-cycle C such that each component of L \ C contains a vertex. For an abstract triangulation L of S 2 , we have that C(L) is one-ended and word-hyperbolic if and only if L is flag no-square (Lemma 3.11). Therefore, we have a combinatorial answer to Question 1.1 as follows. By combining Corollary 1.3 with a result of Itoh ([16] and Theorem 2.1), we will have the following characterization of the number of faces; see Section 2 for details. Corollary 1.4. There exists an acute triangulation of S 2 with n faces if and only if n is even, n ≥ 20 and n = 22.
Although Corollary 1.3 and 1.4 are stated in terms of elementary spherical geometry, we find it more natural to apply the tools of geometric group theory and hyperbolic geometry for the proof as exhibited in this paper. We occasionally do use spherical geometry, for example in the proof of Lemma 9.3. Using similar but more sophisticated techniques, we will also extend Theorem 1.2 to other Coxeter groups (Theorems 8.2 and 8. 3 ).
An abstract triangulation L of a planar surface is acute in S 2 or in E 2 if there exists a simplicial homeomorphism from L onto an acute geodesic triangulation of a subset of S 2 or of E 2 . We have a generalization of Corollary 1.3 to planar surfaces as follows; exact definitions will be given in Sections 2 and 9. We remark that Maehara proved a result similar to (2) when L ≈ D 2 ; see [25] and Theorem 2.2.
Theorem 1.5. Let L be an abstract triangulation of a compact planar surface such that L is flag no-separating-square. Then:
(1) L is acute in S 2 .
(2) L is acute in E 2 if and only if at least one boundary component of L is not a square.
In particular, the triangulations of D 2 given in Figure 1 are acute in S 2 . However, these triangulations are not acute in E 2 by part (2) of the theorem or by [25] . We will lastly address the acute triangulability for higher dimensional spheres, using the main theorem of [19] . Acute triangulations of higher-dimensional spaces mean triangulations into simplices with acute dihedral angles. We hope that combinatorists will find Corollary 1.3 useful in their work. Sleator, Tarjan and Thurston utilized hyperbolic geometry in order to prove that every pair of abstraction triangulations of a disk with n vertices can be connected by at most O(n) diagonal flips, namely changing the diagonal of a square formed by two faces [28] . Komuro proved a similar result for S 2 [20] . From Corollary 1.3, we observe that the property of being realizable as an acute triangulation can be destroyed by one diagonal flip. For example, the triangulation of S 2 given by two copies of Figure 1 can be flipped by changing one of the four edges on the square. The resulting triangulation is flag nosquare, and hence acute in S 2 . We also hope that topologists will have interest in our proof of CAT(1)-ness of certain spherical complexes homeomorphic to S 2 (Section 7). Section 2 will give some background on acute triangulations and the proof of Corollary 1.4. Section 3 will review relevant background on CAT(κ) spaces and hyperbolic polyhedra. Section 4 contains necessary results regarding reflection cubes and dual Davis complexes. We prove one direction of Theorem 1.2 in Section 5 by using the fact that C(L) is a right-angled hyperbolic orbifold group and the other by considering strongly CAT(1) structures on S 2 . Sections 6 through 8 generalize Theorem 1.2 to other angle bounds. For this purpose we will develop a more refined argument for proving certain 2-complexes are CAT(1) in Section 7. Section 9 discusses acute triangulations of planar surfaces. In Section 10, we ask further questions about spaces of acute triangulations and address the situation for higher-dimensional spheres.
Acute triangulations
The three main themes surrounding the topic of acute triangulations are the following: triangulability of spaces, number of simplices and triangulability with fixed combinatorics.
The question of acute triangulability of E 3 can be traced back to Aristotle, as pointed out in [3] . The (false) claim of Aristotle that the regular tetrahedra tessellate E 3 was not refuted until the Middle Ages. An acute triangulation of E 3 was first constructed in [12] , and that of 3-dimensional cubes was discovered later [21, 31] . An acute triangulation of E n does not exist for n ≥ 5 [19, 21] . There is an acute triangulation of an n-cube exactly when n ≤ 3 [21] . At the time of this writing, it is not known whether E 4 has an acute triangulation [21] . Colin de Verdiére and Marin proved that every closed surface equipped with a Riemannian metric admits an almost equilateral geodesic triangulation, which in particular implies that each triangle is acute [9] . The acute triangulability question is related to topics in numerical analysis such as piecewise polynomial approximation theory and finite element method for PDE; see [3] for further reference.
Regarding the number of simplices, Gardner first asked how many acute triangles are needed to triangulate an obtuse triangle [13] . This was answered to be seven [14] . More generally, an arbitrary n-gon in E 2 can be triangulated into O(n) acute triangles [24] . The number of simplices used for an acute triangulation of the unit cube [0, 1] 3 was 2715 in the construction of [21] and 1370 in [30] . A geodesic triangle contained in one hemisphere of S 2 can be triangulated into at most ten acute triangles and this bound is sharp [17] . For triangulations of S 2 , Itoh proved the following theorem mainly by explicit constructions.
Theorem 2.1 ([16]). (1)
If there exists an acute triangulation of S 2 with n faces, then n is even, n ≥ 20 and n = 22.
(2) If n is even, n ≥ 20 and n = 22, 28, 34, then there exists an acute triangulation of S 2 with n faces.
Itoh then asked whether or not there exists an acute triangulation of S 2 with either 28 or 34 faces. Using CaGe software [5] , we exhibit examples of flag no-square triangulations with 28 and 34 faces in Figure 2 ; see also [6] . Since we will prove that a flag no-square triangulation can be realized as an acute triangulation (Corollary 1.3), we have a complete characterization of the number of faces in an acute triangulation of S As for the theme of fixed combinatorics, Maehara determined exactly when a given abstract triangulation of a polygon can be realized as an acute triangulation in E 2 . Given a triangulation L of a disk, a cycle C in L (1) is said to be enclosing if C bounds a disk with least one interior vertex.
Theorem 2.2 ([25]
). An abstract triangulation L of a disk is acute in E 2 if and only if L does not have an enclosing 3-or 4-cycle.
The forward direction of Theorem 2.2 is a straightforward observation from Euclidean geometry. Maehara proved the backward direction by finding a certain nice embedding of L into E 2 . Namely, he used a limit argument to construct a circle C v centered at each vertex v ∈ E 2 so that C u and C v are orthogonal if and only if {u, v} is an edge of L. It is then elementary to see that each face of L is acute in E 2 . He hinted that this construction can also be deduced from results on orthogonal circle packings on S 2 and we will explore this approach in Section 10.2.
Regarding acute triangulations of a sphere S n , relatively few results are known. It was noted in [21] that spherical analogues of results on acute triangulations of Euclidean spaces can be "particularly insightful" in relation to dimension reduction arguments for Euclidean triangulations.
Preliminaries
A subset of S 2 is called proper if it is contained in a hemisphere. By a spherical triangle, we mean a triangle R in S 2 with geodesic edges such that the angles and the edges are in (0, π). When there is no danger of confusion, the proper closed region bounded by R is also called a spherical triangle (or a face, if R belongs to a triangulation). 
Hyperbolic polyhedra
Unless specified otherwise, a polyhedron in this paper will be assumed compact, convex, 3-dimensional and simple; that is, the valence of each vertex is three. The exception for this convention is Section 9, where non-compact, non-simple polyhedra will also be considered.
A combinatorial 2-complex is a 2-dimensional CW complex where (i) the characteristic map of each closed cell is injective and (ii) the boundary of each 2-face has a polygon structure such that the gluing map defines a combinatorial isomorphism. We note that the condition (i) is often not included in the literature [4] . An abstract polyhedron is a topological 3-ball whose boundary is equipped with the structure of a combinatorial 2-complex [27] . We state Andreev's theorem [1, 27] in the following form; see [11, Theorem 6.10.2] . Theorem 3.1. (Andreev [1, 27] ) Suppose P is an abstract simple polyhedron, different from a tetrahedron. Let E be the edge set of P and θ : E → (0, π/2] be a function. Then (P, θ) can be realized as a polyhedron in H 3 with dihedral angles as prescribed by θ if and only if the following conditions hold:
(1) At each vertex, the angles at the three edges e 1 , e 2 , and e 3 which meet there satisfy θ(e 1 ) + θ(e 2 ) + θ(e 3 ) > π.
(2) If three faces intersect pairwise but do not have a common vertex, then the angles at the three edges of intersection satisfy θ(e 1 ) + θ(e 2 ) + θ(e 3 ) < π.
(3) Four faces cannot intersect cyclically with all four angles = π/2 unless two of the opposite faces also intersect. The Gauss map G of an Euclidean polyhedron P is a set-valued function that takes a point x ∈ ∂P to the set of unit normals of supporting hyperplanes at x. Note that the Gauss image G(P ) is combinatorially dual to ∂P and isometric to S 2 . The Gauss image of an edge e of P containing a vertex v is a spherical arc with length the exterior dihedral angle between the two faces sharing e. The angles between the Gauss images of two edges e, e which meet at v is the angle between two planes perpendicular to e, e , respectively, oriented toward v. So we have the following. Rivin and Hodgson define a similar map for a hyperbolic polyhedron. Namely, given a hyperbolic polyhedron P , let G(P ) be the spherical complex consisting of spherical triangles which are the polar duals of the links of vertices of P . Those polar duals are glued together by isometries of their faces. This can also be described in terms of unit normals to supporting hyperplanes in the projective model, see [26] . Unlike the Gauss image of a Euclidean polyhedron, the Gauss image of a hyperbolic polyhedron is not isometric to S 2 .
Theorem 3.4. [26, Theorem 1.1] A metric space (M, g) homeomorphic to S 2 can arise as the Gaussian image G(P ) of a compact polyhedron P in H 3 if and only if the following conditions hold:
(1) The metric g has constant curvature 1 away from a finite collection of cone points c 1 , c 2 , . . . , c i .
(2) The cone angle at each c i is greater than 2π.
(3) The lengths of closed geodesics of (M, g) are greater than 2π.
Moreover, (M, g) determines P uniquely up to orientation preserving isometries.
CAT (κ) spaces
For κ ∈ R and n = N∪{0}, we let M n κ be the simply connected Riemannian n-manifold of constant sectional curvature κ. In particular, M
Suppose X is a geodesic metric space and ∆ is a geodesic triangle in X. For a real number κ, a comparison triangle in M 2 κ for ∆ is a geodesic triangle∆ ⊆ M 2 κ with the same edge-lengths as ∆. Given a comparison triangle∆ for ∆ and a point x on ∆, there is a unique comparison pointx on∆ given by the isometries between the edges of ∆ and∆. Definition 3.5. We say X is CAT(κ) if for every geodesic triangle ∆ in X, and every pair of points x, y ∈ ∆, we have Theorem 3.6 (Gromov, [15] ). An M κ -complex is locally CAT(κ) if and only if the link of each vertex is CAT(1).
The following criterion for a CAT(1) structure is an analogue of Cartan-Hadamard theorem for CAT(0) spaces [4] . (1), and (ii) each closed geodesic in L has length at least 2π.
For two-spheres, we will utilize a stronger condition below than just being CAT(1).
We say that L is strongly CAT(1) if the cone angle at each vertex is greater than 2π and each closed geodesic in L is longer than 2π.
Strongly CAT(1) complexes are CAT (1) by Lemma 3.7. Since we will construct CAT(−1) complexes in Section 5 and 8 and conclude that the corresponding Coxeter groups are word-hyperbolic, we record the following:
Lemma 3.9 ([11, Theorem 12.5.4]). If a group G acts geometrically (that is, properly and cocompactly by isometries) on a CAT(−1) space then G is finitely generated and word-hyperbolic.
Right-angled Coxeter groups
Right-angled Coxeter groups on no-square graphs are one of the earliest examples of word-hyperbolic groups given by Gromov [15] . 
If a complete subgraph K of Y (1) separates Y then C(Y ) splits as a free product over a finite group C(K) and hence, has more than one end. This implies the forward direction of (1). Since the right-angled Coxeter group over a square contains Z 2 the forward direction of (2) is obvious as well. The backward directions of the above lemma are not immediate and we refer the readers to the literature.
In the case when Y is an abstract triangulation of S 2 , the condition in the part (1) of the above lemma is satisfied if and only if Y is flag. Hence Lemma 3.10 implies the following. 4 Key ingredients of the proof 4.1 Cubes and spherical triangles Proposition 4.1 below is an easy consequence of Andreev's theorem and will play an essential role in our proof of the main theroem. We say that a 3-dimensional cube P in H 3 is a reflection invariant hyperbolic cube (or, reflection cube in short) if it is combinatorially isomorphic to a cube and invariant under the action of H = Z/2Z ⊕ Z/2Z ⊕ Z/2Z where the generators act by reflections in certain hyperplanes (called, mid-planes of P ). A fundamental domain for this action is called a right-angled slanted cube Q, as shown in Figure 3 . In the figure, the vertex O came from a vertex of P . Note that in this case the dihedral angles in Q at the nine edges not containing O are all π/2. Proposition 4.1. Acute spherical triangles are in one-to-one correspondence with reflection invariant hyperbolic cubes.
Proof. Let R = ABC be an acute spherical triangle. By Theorem 3.1, one can find a right-angled slanted cube Q having R as the link of a vertex O, as shown in Figure 3 . Then construct P by reflecting Q along the three faces that do not contain O.
Conversely, given a reflection cube the three mid-planes cut out a hyperbolic quadrilateral with four equal angles, which must be acute. The three acute angles corresponding to the three different mid-planes are the angles of the link of a vertex in the cube. Proof. Each face of a reflection cube is a hyperbolic quadrilateral with four equal angles, which are acute. These face angles are the edge-lengths of the link in the cube. A right-angled slanted cube is a special case of a general slanted cube defined as follows. Let X = E 3 or H 3 . Suppose Q is a convex polyhedron in X whose combinatorial structure is a cube, with a vertex O. For each edge e containing O, we assume that e is perpendicular to the face intersecting e but not containing O. See Figure 3 . Then we say that Q is a slanted cube with a distinguished vertex O. If R is the link of O and R is the link of the vertex O opposite to O, we say that (R, R ) is the opposite link-pair of Q. We note that the choice of a distinguished vertex is symmetric in the following sense.
Lemma 4.4. Let Q be a slanted cube in X and O be a distinguished vertex of Q. Then the vertex O opposite to O satisfies the same condition as O; namely, each edge e containing O is perpendicular to the face of Q that intersects e but that does not contain O .
Proof. See Figure 3 for a labeling of vertices in a slanted cube. Since OX is perpendicular to XY O Z , the faces OY Z X and OXY Z are both perpendicular to XY O Z . Similarly, the face OY Z X is perpendicular to Y Z O X . Hence,
So a convex hyperbolic cube as in Figure 3 is a slanted cube if and only if the dihedral angles along the edges in bold are all right. Polar duality can be described using a slanted Euclidean cube.
Lemma 4.5. For spherical triangles R and R , there exists a slanted Euclidean cube whose opposite link-pair is (R, R ) if and only if R is the polar dual of R .
Proof. To prove the forward direction, let us suppose R = ABC is the link of O in a slanted cube as in Figure 3 such that A intersects OX. Then A is the dihedral angle of OX and equal to ∠Y XZ . Since Y and Z are the feet of the perpendicular from O to OXY Z and OXZ Y respectively, we see that A is complementary to ∠Y O Z which is the length of an edge of the link at O . The rest of the proof is straightforward by symmetry. For the reverse direction, let R lie on the unit sphere S 2 ⊆ E 3 centered at a point O and draw the tangent planes to S 2 at each vertex of R. Let O be the intersection of these three planes, and X, Y, Z be the tangent points. Then we have a picture as Figure 3 
Visual sphere decomposition
Let P be an all-right hyperbolic polyhedron. By translating P if necessary, we assume that the origin O of the Poincaré ball model is contained in the interior of P . We denote the set of 2-faces of P by F . For each x ∈ F , let γ x be the geodesic ray from O which extends the perpendicular to x. This naturally extends to a point on the sphere at infinity S 2 ∞ . If x and y are neighboring 2-faces of P , then we set δ xy to be the sector (often called a fan) spanned by γ x and γ y . The visual sphere decomposition at O induced by P is the cellulation T of S ∞ where T (0) = S ∞ ∩ (∪ x∈F γ x ) and T (1) = S ∞ ∩ (∪ x,y∈F δ xy ). We will regard T as a cellulation of the unit sphere S 2 with the spherical metric. The edges of the visual sphere decomposition will be geodesic, as they are the intersection of the unit sphere with planes through the origin. Combinatorially, the set of sectors {δ xy : x, y ∈ F } partition P into right-angled slanted cubes. If we draw such a slanted cube as in Figure 3 , then O will correspond to a vertex of P and X, Y, Z will correspond to the feet of perpendiculars from O to the faces of P . With respect to this partitioning of P , we see that T is the link of P at O. By the proof of Proposition 4.1, the following is immediate. Lemma 4.6. The visual sphere decomposition T obtained from an all-right hyperbolic polyhedron P is acute.
We denote by R 2,2,2 the all-right spherical triangle. Let H = Z/2Z ⊕ Z/2Z ⊕ Z/2Z act on the unit S 2 by reflections through mutually perpendicular great circles so that the underlying space of the quotient orbifold is R 2,2,2 . The (2, 2, 2)-tessellation by R 2,2,2 is defined as the universal cover of this quotient orbifold with the tiling induced by the cover. Concretely, the (2, 2, 2)-tessellation by R 2,2,2 is the tiling of S 2 cut out by the three perpendicular great circles.
Definition 4.7. Suppose R is a spherical triangle. Let us substitute R for each copy of R 2,2,2 in the (2, 2, 2)-tessellation by R 2,2,2 . The resulting 2-complex Y is called the (2, 2, 2)-tessellation by R. Here we require that Y is invariant under the combinatorial symmetry induced by H.
The complex Y is homeomorphic to S 2 , and the quotient orbifold by H is orbifoldhomeomorphic to the quotient orbifold of S 2 by H. For information on orbifolds and geometric orbifolds, we refer the reader to [10] , [2] .
A spherical triangle is strongly obtuse if its dihedral angles and edge-lengths are all obtuse. Remark 4.9. The complex Y in the above lemma is a metric flag complex as defined by Moussong. Hence Moussong's lemma also proves that Y is CAT(1) [11, Lemma I.7.4] . However, we found the geometric approach above more generalizable for the purpose of this paper; see Lemma 7.11.
Dual Davis complex
We let L be an abstract triangulation of S 2 and P be an abstract polyhedron whose boundary is combinatorially dual to L. Definition 4.10. We define the dual Davis complex of C(L) with respect to P as the cell complex X obtained from P × C(L) by the following gluing map:
and F s is the face of P corresponding to s, then we identify (x, g) to (x, gs) for each point x in F s .
In the above definition, C(L) is the group generated by reflections in the faces of the topological ball P , stipulating only that the reflections in neighboring faces commute. This defines a reflection orbifold and the dual Davis complex with respect to P is the universal cover of this orbifold tiled by P . When C(L) is one-ended and word hyperbolic, there is a hyperbolic polyhedron Q such that the dual Davis complex of C(L) with respect to Q is metrically H 3 , by [23] , or simply Davis' description combined with Andreev's Theorem 3.1.
Let Γ be the Cayley graph of C(L) with respect to the standard generating set L (0) . Geometrically, we can regard the dual Davis complex X as the cell complex obtained by placing a copy of P at each vertex of Γ and gluing the faces by a reflection according to the edges of the Cayley graph. Note that Γ is bipartite so we can place P with alternating orientations and then require that each gluing map is orientation-reversing. It follows that X is an orientable 3-manifold.
Remark 4.11. As we are assuming L is an abstract triangulation of S 2 , we see that X is homeomorphic, and combinatorially dual to, the complex P L defined by Davis in [11, p.11] . Under the additional hypothesis that L is flag, the complex P L is called the Davis complex of C(L). See also Definition 6.2 and Lemma 6.4.
The following observation is immediate. Remark 4.14. The (2, 2, 2)-tessellation by a spherical triangle can also be regarded as the dual Davis complex of the group Z 2 ⊕ Z 2 ⊕ Z 2 in one lower dimension.
Proof of Theorem 1.2
We say a polyhedron is strongly obtuse if all the face angles and the dihedral angles are obtuse.
Lemma 5.1. Let T be an acute triangulation of S 2 . Then there is a strongly obtuse Euclidean polyhedron P such that T is the Gauss image of P .
Proof. The argument is similar to the proof of Lemma 4.5. Consider the collection of the tangent planes to S 2 at the vertices of T . The intersection of the closed halfspaces bounded by these planes and containing S 2 is a convex Euclidean polyhedron P . If we cut P along the triangular open cone determined by the three vertices of an original spherical triangle R we obtain a slanted cube with opposite link-pair (R, R ). By Lemma 4.5, we see that R is the polar dual of R and hence, strongly obtuse. Since R is the link of a vertex at P , we see that P is strongly obtuse. Note T = G(P ).
Proof of Theorem 1.2. Suppose that L is an abstract triangulation of S 2 such that C(L) is one-ended and word-hyperbolic. Lemma 3.11 implies that L is flag no-square. By Corollary 3.2, there exists an all-right hyperbolic polyhedron P whose boundary is combinatorially dual to L. By Lemma 4.6, we can realize L as an acute triangulation of S 2 . Conversely, suppose T is an acute triangulation of S 2 . By Lemma 5.1, there is a strongly obtuse Euclidean polyhedron P E such that T is the Gauss image of P E . Translate P E so that the origin is in the interior, and let {x 1 , x 2 , ...x n } be the vertices of P E . Then the convex hull of the vertices x 1 , x 2 , ... x n is a hyperbolic polyhedron P H in H 3 considered in the disc model. The dihedral and face angles of P H are only slightly smaller than those of P E . In particular, we may assume by taking small enough that P H is strongly obtuse. We see that ∂P H is still combinatorially dual to T . Let X be the dual Davis complex of C(T ) with respect to P H . Then the link of each vertex of X is (2, 2, 2)-tessellation of a strongly obtuse spherical triangle, which is the link of a vertex in P H . By Lemma 4.8, the link of X is strongly CAT(1). Since X is a piecewise hyperbolic cell complex, it follows that X is CAT(−1). By Lemma 3.9 and Lemma 4.13 imply that C(T ) is word-hyperbolic and one-ended, respectively. We let W p,q,r denote the Coxeter group on a triangle such that the edge labels are p, q and r. Note that W p,q,r is finite if and only if the edge-labels p, q, r satisfy the inequality 1/p+1/q +1/r > 1. This is equivalent to that there exists a spherical triangle with dihedral angles π/p, π/q and π/r. Such a triangle is called a (p, q, r)-triangle and denoted as R p,q,r . The following is analogous to Definition 4.7.
General Coxeter groups
Definition 6.1. Let p, q, r be positive integers larger than 1 and write W p,q,r = a, b, c | a
Choose an arbitrary spherical triangle R = ABC and regard the generators a, b, c as the edges BC, CA, AB of R. Take the disjoint union of spherical triangles R×W and identify (x, g) to (x, gs) whenever g ∈ W and x is on the edge of R that corresponds to the generator s. The resulting piecewise spherical complex is called the (p, q, r)-tessellation by R.
Note that the (p, q, r)-tessellation by R p,q,r is isometric to S 2 , as it is the universal cover of a spherical (p, q, r) reflection orbifold. If L is an abstract triangulation of S 2 and m : L (1) → {2, 3, 4, . . .} is a labeling, then we say (L, m) is a labeled abstract triangulation of S 2 . We generalize the notion of dual Davis complex for Coxeter groups.
Definition 6.2. Let (L, m) be a labeled abstract triangulation of S 2 and put W = W (L, m). We assume that each face in L induces a finite Coxeter group in W . Take an arbitrary topological 3-ball P and give ∂P the dual 2-complex structure of L. Each vertex s of L corresponds to a face F s of P by the duality. The dual Davis complex of W with respect to P is defined as the quotient of the disjoint union of polyhedra P × W by the following gluing rule: for g ∈ W, s ∈ L (0) and x ∈ F s we identify (x, g) to (x, gs).
As in the case of right-angled Coxeter group, we can regard X as obtained by placing P at each vertex of the Cayley graph Γ of W and gluing the faces that corresponds to the endpoints of each edge in Γ. Then W acts naturally on X so that each generator "reflects" (namely, swaps) adjacent copies of P . Each vertex v of X is the image of a vertex u in P , which then corresponds to a triangle ABC of L. Say this triangle is labeled by p, q and r. We have the following; see Observation 4.12.
Observation 6.3. In Definition 6.2, the link in X is the (p, q, r)-tessellation by a link in P and hence homeomorphic to S 2 .
Therefore, X is a manifold. A particularly interesting case of a dual Davis complex is when P is a polyhedron in S 3 , E 3 or H 3 . Then the complex X will be a piecewise cell complex. We record a generalized version of Lemma 3.10. Under the hypotheses of (3), the dual Davis complex X is homeomorphic, and combinatorially dual, to the Davis complex Σ W of W [11] , which is CAT(0).
Hyperbolic duality
In this section we investigate hyperbolic duality in H 3 in an analogous manner to Lemma 4.5. As some of the proofs are technical in nature, the reader may skip to the statement of Lemma 7.11 at the first reading and continue to Section 8.
Hyperbolic quadrilaterals
We first need to describe the hyperbolic quadrilaterals with two opposite right-angles. For Lemmas 7.1 and 7.2, we will consider the Poincaré model D and the Euclidean metric on D ⊆ E 2 . Let O be the origin of D.
Lemma 7.1. Let 0 < a < π/2 and A, B ∈ ∂D such that ∠AOB = a. We denote by H the foot of the hyperbolic perpendicular from A onto − − → OB. Then 2/(OH +1/OH) = cos a.
Proof. Let O denote the center of the circular arc AH; see Figure 4 (a). Then OH = OO − O H = OO − O A = sec a − tan a. This implies the conclusion.
Let us define ξ(c, γ) ⊆ (0, 1) 2 to be the set of (x, y) such that there exists a hyperbolic quadrilateral OACB with ∠O = c, ∠C = γ, ∠A = ∠B = π/2 and x = 2/(OA + 1/OA), y = 2/(OB + 1/OB). See Figure 4 
For the converse suppose σ c,γ (x, y) = 0 for some x, y ∈ (0, 1). As above, we let A be a point so that x = 2/(OA + 1/OA), C A be the circle perpendicular to OA at A, and O A be the center of C A . We let B be such that ∠AOB = c and y = 2/(OB + 1/OB), and similarly define C B and O B .
Claim 1. C A does not intersect − −− → OO B . By Lemma 7.1, we have only to show that arccos x < c and arccos y < c. To prove this, we simply note that 0 = σ c,γ (x, y) ≥ −xy + cos c > −x + cos c and similarly, 0 > −y + cos c.
Claim 2. C A and C B intersect. Again by Lemma 7.1, we only need to prove that arccos x + arccos y ≥ c. We obtain this by noting that cos(arccos x+arccos y) = xy− (1 − x 2 )(1 − y 2 ) ≤ xy−cos γ (1 − x 2 )(1 − y 2 ) = cos c.
By Claim 1 and 2, we see that x and y determine a desired, non-degenerate hyperbolic quadrilateral with the prescribed angles. We remark that the above proof is valid without an assumption that c is acute.
Let c ∈ (0, π) and γ ∈ (0, π − c) ∩ (0, π/2]. The contour curve σ c,γ (x, y) = 0 is a smooth and simple arc properly embedded in [0, 1] 2 . One way of seeing this is using the substitution u = cos(arccos x + arccos y), v = cos(arccos x − arccos y) so that
The two cases depending on whether c ≤ π/2 or c ≥ π/2 are drawn in Figure 5 . With respect to x, the y-coordinates on the curve σ c,γ = 0 are strictly decreasing. This is
(1, cos c) 
Slanted cubes revisited
Recall that the triangles in the opposite link-pair of a Euclidean slanted cube are polar dual to each other (Lemma 4.5). Motivated by this, we define hyperbolic duality. Definition 7.3. . If two spherical triangles R and R form the opposite link-pair of a slanted cube P in H 3 , then we say that R is hyperbolically dual to R and write P = Q(R, R ).
We have seen that hyperbolic duality is a symmetric relation (Lemma 4.4) . Also, the all-right spherical triangle is hyperbolically dual to every acute spherical triangle (Proposition 4.1). The uniqueness part of Theorem 3.4 implies that there exists at most one Q(R, R ) for a given pair of spherical triangles R and R . Example 7.4. For a ∈ (0, 3π/5), the equilateral spherical triangle with its edge lengths a is hyperbolically dual to the spherical triangle with dihedral angles 2π/5. To see this, take a regular dodecahedron P in H 3 . The link of a vertex in P is an equilateral triangle, whose edge lengths can vary from 0 to 3π/5. By cutting P through planes passing through the center of mass of P and also the midpoints of the edges of P , we have slanted cubes with opposite link-pair (R, R ) such that R is the link of a vertex in P and R = R 2,3,5 is the triangle in the icosahedral tessellation of S 2 .
Remark 7.5. Suppose we have two spherical triangles that carry labeling of the vertices R = ABC and R = A B C . When we say R is (polar or hyperbolically) dual to R , we will tacitly interpret this in such a way that A and A correspond to opposite edges (one containing O and the other containing O in Figure 3) , and similarly for (B, B ) and (C, C ). In other words, hyperbolic duality is concerned about not only the isometry types but also the labeling of the vertices of the triangles (or equivalently a combinatorial isomorphism between R and R ). In particular when we say R = ABC is hyperbolically dual to R p,q,r , we consider the combinatorial isomorphism from R to R p,q,r mapping A, B and C to the vertices of dihedral angles π/p, π/q and π/r, respectively.
Let R be a spherical triangle and C ⊆ H 3 be an open cone with the link R at the vertex O of C. Each slanted cube where R is the link of a distinguished vertex corresponds to a point O ∈ C. Conversely, for each O ∈ C let us consider the open cone C at O formed by the perpendiculars from O to the three faces of C. If the angles of R are all non-obtuse, these three perpendiculars lie in C and the intersection of C and C is a slanted cube. So we have the following lemma. The uniqueness of O (up to the symmetry of R) follows from that of Q(R, R ) where R = Link(O ). Thus we have the following. Lemma 7.6. Let R be a spherical triangle whose dihedral angles are non-obtuse. Then the space of spherical triangles hyperbolically dual to R is parametrized by a point in the open cone whose link is R.
Let R = ABC and R = A B C be spherical triangles. We say R is fatter than R if the edge-lengths and the angles of R are greater than the corresponding ones of T ; that is, when A > A , BC > B C etc. In this case, we also say R is slimmer than R. This definition also depends on the labeling (or equivalently, a combinatorial isomorphism) of the triangles, as in the case of the hyperbolic duality, Often, we will not mention the labeling if the underlying labeling is clear from the context. When we talk about dihedral angles between two planes, we tacitly assume that each plane comes with a transverse orientation.
Lemma 7.7. Let P 1 , P 2 and P 3 be three geodesic planes in H 3 and α i be the dihedral angle of P i−1 and P i+1 for i = 1, 2, 3. If α 1 , α 2 , α 3 ∈ (0, π/2] and α 1 + α 2 + α 3 > π, then P 1 ∩ P 2 ∩ P 3 is non-empty.
Proof. Let us assume that P 1 ∩ P 2 ∩ P 3 = ∅. Since P 1 , P 2 , P 3 are pairwise intersecting, at most one of α 1 , α 2 , α 3 are π/2. So we may let α 1 , α 2 = π/2. In the upper-halfspace model, we choose P 1 and P 2 to be vertical. Let E 2 = ∂H 3 \ ∞ and Q = P 1 ∩ P 2 ∩ E 2 . We set C = P 3 ∩ ∂E 2 so that Q is not enclosed by C. We denote by R the center of C. The lines P 1 ∩ E 2 and P 2 ∩ E 2 divides E 2 into four open sectors. We will assume that the transverse orientation of P 3 is pointing inward of C; the opposite orientation case is completely analogous. Since α 1 , α 2 < π/2, we have that R belongs to the open sector S where the transverse orientations of P 1 and P 2 are pointing outward; see Figure 6 . In particular, the transversely oriented lines and circles P 1 , P 2 , P 3 determine a triangle (shaded in the Figure) whose angles are no greater than those of a Euclidean triangle. This is a contradiction to α 1 + α 2 + α 3 > π.
P1 P2 P3
α3 Q α1 C Figure 6 : Lemma 7.7.
The proof of the following is very similar to the forward direction of Lemma 4.5.
Lemma 7.8. Let p, q, r ≥ 2. If a spherical triangle R is hyperbolically dual to R p,q,r then R is slimmer than the polar dual of R p,q,r .
The converse is also true for (2, 2, p)-triangles.
Lemma 7.9. Suppose p ≥ 2 and R is a spherical triangle. Then R is hyperbolically dual to R 2,2,p if and only if R is slimmer than the polar dual of R 2,2,p .
Proof. We only need to prove the backward direction. Suppose R = ABC is slimmer than the polar dual of R p,2,2 . This means that a, A < π − π/p and B, C, b, c < π/2. Assume for now that the following system of equations has a solution x, y, z ∈ (0, 1):
We consider the Poincaré ball model of H 3 = D 3 ⊆ E 3 and let O denote the origin. Let us pick X, Y, Z ∈ H 3 such that x = 2/(OX + 1/OX), y = 2/(OY + 1/OY ) and z = 2/(OZ + 1/OZ) where OX, OY and OZ are measured in the Euclidean metric of D 3 . By Lemma 7.2, we can further require that there exists a hyperbolic quadrilateral XOY Z as in Figure 3 such that ∠XOY = c, ∠XZ Y = ∠OXZ = ∠OY Z = π/2. Similarly we assume that there exist hyperbolic quadrilaterals Y OZX and ZOXY such that ∠Y OZ = a, ∠ZOX = b, ∠Y X Z = π/p and ∠XY Z = ∠OY X = ∠OZX = ∠OZY = ∠OXY = π/2. Let P be the hyperplane perpendicular to OX at X, and define Q and R similarly with respect to OY and OZ. Lemma 7.7 implies that the intersection of P, Q and R is non-empty, say O and we have a hyperbolic slanted cube as in Figure 3 . Then the link of O is R 2,2,p as desired.
It remains to show that ( * ) has a solution. Note that σ b,π/2 (z, x) = 0 is equivalent to zx = cos b. Similarly, σ c,π/2 (x, y) = 0 reduces to xy = cos c. So we have only to show that the following system has a solution y, z ∈ (0, 1):
Note that the inequality in (**) comes from the condition x < 1.
The contour curve σ a,π/p (y, z) = 0 is a smooth simple arc properly embedded in [0, 1] 2 joining (cos a, 1) and (1, cos a); see Figure 5 (a). Since B, C < π/2, the spherical law of cosines for R shows that cos b = cos a cos c + sin a sin c cos B > cos a cos c. Similarly we have cos c > cos a cos b. So cos a < cos b/ cos c < 1/ cos a and we see that the line z = y cos b/ cos c intersects the contour curve σ a,π/p (y, z) = 0 at a unique point (y 0 , z 0 ). Note that Case 2. a ∈ (π/2, π).
The contour curve σ a,π/p (y, z) = 0 is as in Figure 5 (b). It is clear that this curve intersects with z = y cos b/ cos c at a unique point (y 0 , z 0 ). We have σ a,π/p (cos c, cos b) > 0 as above and so, y 0 > cos c.
We now have an alternative statement of Proposition 4.1.
Corollary 7.10. The all-right spherical triangle is hyperbolically dual to every acute spherical triangle. In other words, the space of acute spherical triangles is parametrized by the points in the first open octant in H 3 .
Lemma 7.11. If p ≥ 2 and R is a spherical triangle fatter than R 2,2,p , then the (2, 2, p)-tessellation by R is strongly CAT(1).
Proof. Let R be the polar dual of R. By Lemma 7.9, there is a slanted hyperbolic cube Q such that the opposite link-pair is (R 2,2,p , R ). We use the labeling of the vertices as Figure 3 where Link(O) = R 2,2,p and Link(O ) = R . We glue 2p copies of Q by identifying faces containing O via the reflections in the reflection group W 2,2,p so that the vertices labeled O are all identified. Note that half of the cubes Q will be oriented differently from the other half. This union of cubes will be a hyperbolic polyhedron P Q with vertices corresponding to the vertices of the cubes labeled O . The Gauss image of P Q will be the (2, 2, p)-tessellation by R. By Theorem 3.4, this tessellation is strongly CAT(1).
The situation is more complicated when the spherical triangle tessellating S 2 has more than one non-right angle.
Lemma 7.12. There is a spherical triangle R slimmer than the polar dual of R 2,3,5 such that R is not hyperbolically dual to R 2,3,5 .
Proof. Denote by R = A B C the spherical triangle with A = π/2, B = π/3, C = π/5 and set a = 0.652 · · · , b = 0.553 · · · , c = 0.364 · · · to be the lengths of the opposite edges. Let R = ABC be the spherical triangle such that the edge-lengths are a = 1, b = 0.5 and c = 0.6. We can compute A = 2.318 · · · , B = 0.431 · · · , C = 0.514 · · · by spherical trigonometry and see that R is slimmer than the polar dual of R . We claim that the three surfaces We now show that replacing the spherical triangles in a CAT(1) complex with fatter triangles does not always produce a strongly CAT(1) complex, as might be suggested by Lemmas 4.8 and 7.11. Proposition 7.13. There exists a spherical triangle R 0 fatter than R 2,3,5 such that the (2, 3, 5)-tessellation by R 0 is not strongly CAT(1).
Proof. Let R be the spherical triangle with edge lengths a = 1, b = 0.5 and c = 0.6, and let R 0 be its polar dual. As above R 0 is fatter than R 2,3,5 . Assume that the (2, 3, 5)-tessellation T by R 0 is strongly CAT(1). By Rivin-Hodgson T is the Gauss image of a hyperbolic polyhedron P . Because T is symmetric under the reflection group W 2,3,5 we have that P is symmetric under this group, and by the Bruhat-Tits fixed point theorem, there is a point c in the interior of P which is fixed by this group. Form edges emanating from c which are perpendicular to the faces of P . Then consider a vertex v of P . The link of v is the polar dual of R 0 , namely the triangle R. There are three faces of P meeting v and three edges emanating from c which meet these faces perpendicularly. Pairs of these edges span three planes which, together with the faces meeting v, form a slanted cube. The link at c of this slanted cube is R 2,3,5 . But by Lemma 7.12, R and R 2,3,5 are not hyperbolically dual so we have a contradiction.
We say two triangles R = ABC and R = A B C are -close if |A − A |, |BC − B C | < and similar inequalities hold for the other two pairs of angles and two pairs of edges. For a sufficiently small "fat perturbation" from the polar dual, we might always have hyperbolic duality, so we ask the following. Question 7.14. Given a spherical triangle R = ABC, does there exist satisfying the following?
If R = A B C is a spherical triangle which is slimmer than, and -close to, the polar dual of R, then R is hyperbolically dual to R.
We conjecture that CAT(1)-ness is preserved under sufficiently close perturbation, even in a more general situation as follows. Let T be a spherical complex which is combinatorially isomorphic to T by a fixed combinatorial isomorphism T → T . Let us denote by R i = A i B i C i the image of R i = A i B i C i by this isomorphism for each i. Suppose R i is fatter than, and is -close to, R i for each i. Then T is CAT(1).
Subordinate triangulations
Throughout this section, we let (L, m) be a labeled abstract triangulation of S 2 such that each face induces a finite Coxeter group in W (L, m).
From hyperbolicity to angle constraints
Definition 8.1. Let L be a geodesic triangulation of S 2 such that there is a combinatorial isomorphism µ : L → L. Suppose that for each triangle ABC of L if we let p, q, r be the labels of µ(BC), µ(CA) and µ(AB) respectively then ABC is slimmer than the polar dual of R p,q,r . Then we say that L is subordinate to (L, m) (with respect to µ).
In particular, an acute triangulation is subordinate to (L, 2) by definition. We generalize the backward direction of Theorem 1.2.
is one-ended and word-hyperbolic, then L is realized by a geodesic triangulation subordinate to (L, m).
Proof. Let W = W (L, m) and X be the dual Davis complex with respect to a topological 3-ball P . We note that X is a 3-manifold and W acts naturally on X by reflections. Since X is irreducible and atoroidal, it can be realized as a hyperbolic manifold by geometrization for manifolds which admit a symmetry with non-trivial fixed point set [23] . The quotient reflection orbifold has the fundamental domain P H ≈ P , and the orbifold fundamental group is generated by reflections in the faces of P H . In order to satisfy the relations in W , the link of each vertex in P H is a spherical triangle of the form R p,q,r for some p, q, r. Move P H by an isometry so that the origin is in the interior of P H . Taking rays from the origin which meet each face perpendicularly divides P H into a union of hyperbolic slanted cubes, as in the proof of Lemma 4.6. The endpoints of the rays form the vertices of a triangulation T of S 2 ∞ . This triangulation is subordinate to (L, m) by Lemma 7.8 as each triangle on S 2 ∞ is a link of the associated slanted cube at the origin O. Since T is combinatorially dual to the polyhedron P , we have that T is combinatorially isomorphic to L.
From subordinate triangulations to hyperbolicity
We prove a partial converse to Theorem 8.2. Theorem 8.3. Assume that L can be realized as a geodesic triangulation that is subordinate to (L, m). Suppose further that each face of L has at least two edges which are labeled by 2. Then W (L, m) is one-ended and word-hyperbolic.
Proof. We closely follow the proof of Theorem 1.2, omitting some details. By considering the tangent planes at the vertices of L, we can find a Euclidean polyhedron P E whose Gauss image is L. Set P H be a hyperbolic polyhedron whose face and dihedral angles are sufficiently close to those of P E . The link of each vertex of P H is still fatter than R 2,2,p where we allow p to be various. We let X be the dual Davis complex of W (L, m) with respect to P H . For each vertex v in X there exists a vertex u in P H and p ≥ 2 satisfying the following: the link R of u is fatter than R 2,2,p and the link Y of v is the (2, 2, p)-tessellation by R. Lemma 7.11 implies that X is a CAT(−1), irreducible 3-manifold. In particular, W is one-ended and word-hyperbolic.
Planar surfaces
In this section, we allow hyperbolic polyhedra to have ideal vertices.
All-right hyperbolic polyhedron
Let P be an all-right hyperbolic polyhedron possibly with ideal vertices. Then the combinatorial dual of ∂P is a combinatorial 2-complex L 0 homeomorphic to S 2 such that each face in L 0 is either a triangle or a square depending on whether it comes from a non-ideal or ideal vertex of P . For convention, we will further triangulate each square face into a square-wheel as shown in Figure 9 (b) and call the resulting abstract triangulation of S 2 as the combinatorial nerve of P . We metrize the combinatorial nerve L as follows. First we translate P so that the origin of the Poincaré ball model is inside P . For each vertex u of L corresponding to the ideal vertex v ∞ ∈ ∂H 3 of P we simply place u at v ∞ . If a vertex u of L corresponds to a face F of P we let D be the intersection of ∂H 3 and the geodesic half-spaces, not containing P , determined by F . We then place u at the center of the disk D. Whenever two vertices of L are adjacent we connect the corresponding vertices in ∂H 3 by a geodesic. The resulting geodesic triangulation of ∂H 3 = S 2 is called a geometric nerve of P . We will often omit the adjective "combinatorial" or "geometric" when there is no danger of confusion. The disks corresponding to non-adjacent vertices of L are disjoint [22, Corollary 9.4] .
The geometric nerve is actually a visual sphere decomposition of P as defined in Section 4, slightly generalized to non-compact polyhedra. Figure 8 shows an octahedron that will be cut out from P in the visual sphere decomposition where ∞ denotes an ideal vertex of P and O is the origin of the Poincaré ball model. In the figure, the vertices adjacent to O are the feet of the perpendiculars to the faces of P which intersect the vertex ∞. We will need the following generalization of Corollary 3.2. For the proof, see [22] . (1) bounds a region in S 2 with exactly one interior vertex and (ii) no pair of degree-four vertices in L are adjacent. Then there exists an all-right hyperbolic polyhedron P whose combinatorial nerve is L.
A geometric nerve yields an acute triangulation. This is straightforward by considering slanted cubes. Or, we can prove this explicitly as follows. Lemma 9.2. Let R = ABC be a triangle in the geometric nerve L of an all-right hyperbolic polyhedron. If A corresponds to a face, then the angle of R at A is acute. If A corresponds to an ideal vertex, then the angle of R at A is π/2.
Proof. Suppose r, s, t are the radii of the disks (coming from the faces of a polyhedron P ) at A, B and C, and a, b, and c are the lengths of the sides opposite to A, B, and C, respectively. By the Spherical Law of cosines, we have cos a = cos s cos t, cos b = cos t cos r and cos c = cos r cos s. So, cos a ≥ cos b cos c and the equality holds if and only if r = 0. Since cos A = (cos a − cos b cos c)/(sin b sin c), the proof is complete.
Triangulations of planar surfaces
Throughout this section, we let L be an abstract triangulation of a planar surface. Here, a planar surface means a surface obtained from acute triangulation of a subset of S 2 or E 2 , respectively. The proof of the following is elementary and similar to [25] , where Euclidean cases are considered. Lemma 9.3. If there is an empty 3-cycle which contains no edge in ∂L, then L is not acute in S 2 .
Proof. Suppose L is realized as an acute triangulation in S 2 and C is an empty 3-cycle such that for each edge e of C, there exist two faces in L sharing e. Choose the component X of S 2 \ C such that Area(X) ≤ Area(S 2 \ X). By Proposition 4.1 the edge lengths of C are less than π/2. This implies that the area of X is less than π/2. On the other hand, let R 1 , R 2 , R 3 be the acute triangles contained in X such that each R i shares an edge with C. Let α i denote the angle of the vertex of R i not lying on C.
So, an empty 3-cycle is sometimes an obstruction to acute triangulation. We say that a cycle C is L is separating if each component of L \ C contains a vertex of L. We say L is flag-no-separating-square if L is flag and has no separating 4-cycle. Note that the square-wheel is flag-no-separating-square. Proof. In [25] , Maehara considered a certain triangulation of an n-gon by 9n triangles; this triangulation is shown in Figure 9 for the case n = 5. Let us call this triangulation as the Maehara cap for an n-gon. For each boundary cycle of length n ≥ 5 in L, we glue the Maehara cap for an n-gon. It is elementary to check that the resulting complex is flag-no-separating-square. Now we prove Theorem 1.5 (1).
Theorem 9.5. If L is flag-no-separating-square, then L can be realized as an acute triangulation in S 2 .
Proof. By Lemma 9.4, we may assume that either L ≈ S 2 or ∂L is a nonempty union of 4-cycles. The former case is Theorem 1.2. For the latter, Theorem 9.1 implies that L is the combinatorial nerve of an all-right hyperbolic polyhedron P . The geometric nerve of P is a desired acute triangulation by Lemma 9.2. Now let us consider triangulations in E 2 . Theorem 2.2 asserts that an abstract triangulation L of an n-gon for n ≥ 5 is acute in E 2 if and only if L is flag-no-separatingsquare. As Maehara hinted in [25] , an alternative account of this fact can be given by applying the Koebe-Andreev-Thurston theorem, which is similar to Theorem 9.1. We pursue this alternative approach to strengthen the result of Maehara. We say that a geodesic triangulation L in S 2 or in E 2 has coinciding perpendiculars if for each pair of neighboring faces ABC and A BC of L, the feet of the perpendiculars from A and A to BC coincide. Let us give the proof of Theorem 1.5 (2). Proof. Suppose L is embedded in E 2 as a geodesic triangulation in such a way that the outer boundary component Q is a 4-cycle. Then the four edges of Q are shared by four triangles R 1 , R 2 , R 3 , R 4 in L. It is elementary to see that these four triangles cannot be all acute; see the proof of [25, Lemma 1] .
For the converse, embed L into some L such that L is flag-no-separating-square and each boundary component of L is a square (Lemma 9.4). We further glue squarewheels to each boundary component of L , to get L . By Theorem 9.1, we can realize L as the geometric nerve of an all-right hyperbolic polyhedron P . For each vertex v of L , let us denote by D v ⊆ S 2 the disk corresponding to v as in the definition of the geometric nerve. If v has degree four than D v is understood to be simply v itself. Since L has a boundary component which is not a 4-cycle, we have glued some Maehara cap to L in L . We choose a point x ∞ inside the disk corresponding to the center vertex p of this Maehara cap. We mentioned that D p does not intersect D v for v ∈ L (0) [22, Corollary 9.4] . By stereographically projecting the disks corresponding to the vertices in L from the viewpoint x ∞ , we have orthogonally intersecting closed disks in E 2 . The centers of the disks in E 2 will form a desired acute triangulation of L. Here we used an elementary fact that the centers of three pairwise orthogonally intersecting circles in E 2 form an acute triangle. The "furthermore" part is a consequence of the following lemma, the proof of which is elementary. Lemma 9.7. Let C 1 , C 2 , C 3 be orthogonally intersecting circles in E 2 whose centers and radii are P 1 , P 2 , P 3 and r 1 , r 2 , r 3 , respectively. Let H be the foot of the perpendicular from P 1 to P 2 P 3 . Then P 2 H : HP 3 = r Proof. Take an abstract flag no-square triangulation L of a disc such that the double DL is also flag no-square. For example, a Maehara cap as in Figure 9 is such a triangulation. By Corollary 3.2, there is a right-angled hyperbolic polyhedron P such that C(DL) is the Kleinian group generated by reflections in the faces of P . Each outer automorphism of C(DL) is induced by conjugation in P SL(2, C) by Mostow rigidity [2, Theorem 6.9]. There is an outer automorphism given by the combinatorial symmetry of DL obtained by reflecting though ∂L. The associated isometry must take the faces on one copy of the dual of L to the corresponding faces of the other, and fix the faces corresponding to vertices of ∂L. Since it is the fixed point set of an isometry, the sub-orbifold associated to the loop ∂L is totally geodesic. Move the fundamental polyhedron P by an isometry of H 3 so that the origin of H 3 lies on a lift of this totally geodesic suborbifold. Then the subgraph ∂L of DL on the sphere at infinity in the visual sphere decomposition of P will be a great circle. This realizes the triangulation of the disc as a acute triangulation of a hemisphere.
10 Further questions
Two invariants of triangulations
Let us describe two invariants α(L) and β(T ) of triangulations of S 2 , the first for an abstract triangulation L and the second for an acute triangulation T .
For an abstract triangulation L of S 2 we define α(L) as the infimum of the value α where L can be realized as a geodesic triangulation such that each dihedral angle is at most α. It will be an interesting task to compare α(L) to another graph invariant, called the Colin de Verdière number [7, 8] . This number reveals, among other things, whether or not a given abstract triangulation is the combinatorial nerve of an all-right hyperbolic polyhedron [22 We say that an acute triangulation T in A(L) is geometric if T is the visual sphere decomposition of a right-angled hyperbolic polyhedron P and C(L) is the Kleinian group generated by reflections in the faces of P . By Mostow rigidity, this visual sphere decomposition is unique up to Möbius transformations. Theorem 1.2 says that when A(L) is non-empty, it contains a geometric triangulation. However, our theorem does not describe how to find a geometric triangulation.
For each acute triangle R in S 2 , there uniquely exists a slanted cube Q R in H S 2 , we can define a volume function:
R∈T (2) Volume(Q R ).
Then β(T ) defines an invariant of the acute triangulation T . This invariant might be used to explore the topological properties of A(L).
Question 10.3. Let L be an abstract triangulation of S 2 .
